The buckling of finite circular cylindrical shells with random stress-free initial displacements which are subjected to lateral or hydrostatic pressure is studied using a perturbation scheme developed in an earlier paper [1], A simple approximate asymptotic expression is obtained for the buckling load for small magnitudes of the imperfection. This result is compared with earlier results obtained for localized imperfections and imperfections in the shape of the linear buckling mode.
Introduction.
It is generally recognized that the buckling loads of some elastic structures are substantially reduced by the presence of nonuniformities in these structures. These nonuniformities or imperfections may be in the elastic or geometric properties of the structure. In [7, 8] , Koiter developed a general theory of post-buckling behavior and derived simple asymptotic formulae for the buckling load of a class of elastic structures with imperfections in the shape of their classical (linear) buckling modes.
In [5] Budiansky and Amazigo applied a reworked version [6] of Koiter's theory in deriving an asymptotic formula for the buckling load of externally pressurized cylinders. Furthermore they derived the range of values of a length parameter Z, introduced by Batdorf [4] , for which the cylinder is sensitive to imperfection in the shape of the classical buckling mode. In a more recent study [3] , Amazigo and Fraser derive similar results for cylinders with localized or dimple imperfections and obtained the same range of values of Z for imperfection-sensitivity.
It is clear that in general the imperfections in structures are stochastic rather than deterministic.
Here we assume that the imperfections are Gaussian and obtain an asymptotic formula for the buckling load. The perturbation scheme used here was developed in [1J. It is found that the range of values of Z for imperfection-sensitivity remains the same and the loss in the buckling load for the three types of imperfections parallels that obtained for columns on nonlinear foundations [1, 2] , Kdrmdn-Donnell equations.
A cylindrical shell is characterized by its outward radial displacement W(X, Y) and an Airy stress function F(X, F) where X and Y are the cartesian coordinates in the axial and circumferential directions. The membrane stress resultants Nx , NY , Nxy are given by Nx = F,YY , NY = F,Xx , and NXy = - 
where E is Young's modulus, h and R are the shell thickness and radius respectively, p is the external pressure, D = Eh3/12(1 -v2) is the bending stiffness, v is Poisson's ratio, V4 is the two-dimensional biharmonic operator, and S(P, Q) = PtX.\Q,YY + P,YYQ)XX ~ 2P, x yQ, X Y ■
We assume the usual simply supported boundary conditions, namely zero normal bending moment, zero circumferential displacement; \V = pR2(l -\av)/Eh, NX = -apR/2 at X = 0, L where L is the shell length. This leads to
The parameter a is introduced for convenience so that lateral and hydrostatic pressures may be analyzed together, a = 1 if the pressure contributes to axial stresses through end plates and a = 0 if pressure only acts laterally. It is convenient to introduce the nondimensional quantities:
where n is an integer. Before buckling we assume, as is customary, that the cylinder is in a state of constant membrane stress and that thus iv can be approximated by a constant. For thin shells this approximation is good except near the ends of the shell where there is a small boundary layer. Thus
W = pR2(l -\av)/Eh + hw.
Substituting for F and W in (1) and (2) and using (4) gives V4/ -(1 + f)Vx + H( 1 + t)\hS(iv, w) + S(w, wl)] = 0
V4w -K(£)f,xx + w,zx + + HK(X)S(w + w, /) = w,rx +
where V4 = (d2/dx2 + t;d2/dy2)2. The simply supported boundary conditions become to = w,xx = / = /,« = 0 at x = 0, 7r.
The solution to the linearized version of equations (6) and (7) with w = 0 obtained by Batdorf [4] is recorded here: w = sin x sin y, / = -sin x sin y.
The buckling load Xc (called the classical buckling load) is
and n in (4) is the integer that minimizes \c . Execution of this minimization on the basis of the assumption that f varies continuously (see Batdorf [4] for a discussion of the consequences of this assumption) gives = 4(1 + r)7(3f + 1 + a), A2 = (1 + f)4(f -1 + a)/(3f + 1 + a).
Perturbation scheme.
We consider the shell as having an initial stress-free displacement of the form
where e is a small parameter characterizing the amplitude of the displacement. This imperfection could be considered as the first term in a Fourier series expansion of an arbitrary imperfection satisfying the boundary conditions (8) . This term has the dominant effect in the reduction of the buckling strength for imperfections of the form um(y) sin mx for deterministic um(y). Here w0(y) is assumed to be a sample function from an ensemble of twice-continuously-differentiable zero-mean, stationary Gaussian random functions with known autocorrelation function R00(z). Thus (wo(y)) = 0, (w0(y + z)w0(y)) = R00(z)
where the angular bracket (■ • •) denotes ensemble average. We are thus dropping the requirement of periodicity in the circumferential coordinate y and requiring -< y < °=. This is equivalent to the previous assumption that f be a continuous variable. The power spectral density S00(u>) of w0 is defined by
(Unless otherwise specified the limits of all integrals are -=°, <®.) We consider X to be prescribed and satisfy the inequality 0 < X < Xc , and expand w and / in powers of e, namely (15) Substituting for w, f into (6) and (7) 
and prime denotes differentiation with respect to the argument. The boundary con-
Let A2 be the average of the mean square of the deflection:
7T Jo
Substituting for iv using (15) leads to
where
We anticipate that AI2 = 0 (see Eq. (47)). Since we seek asymptotic formulae valid for e -0 and hence X -> Ac~ we also anticipate the result (see Eq. (61))
Thus (22) reduces to A2 -e2An + 2e4A13 as ^ \~.
Now the A,,s arc functions of X and Eq. (25) gives a relation between A2, X, and t. The buckling load is thus obtained by maximizing X with respect to A2. As noted in [1] , setting rfX/rfA2 = 0 in (25) fails to yield the buckling load because the series (25) does not converge for A2 greater than the critical mean square. The difficulty is overcome by reversing the series (25) to get
where the a, are obtained by substituting (26) into (25) and equating powers of A2. Performing this elementary operation gives «i = 1/Au , a2 = -2A,3/Au3.
We truncate the series (26) at the A4 term to get an approximate load-deflection relationship. Now maximizing X with respect to A2 using (26) and (27) gives the buckling equation
as an approximate relation between the buckling load X and the imperfection amplitude parameter e. We now seek asymptotic expressions for AU(X) and A13(X) valid for e -» 0 and X -> X ~ Solution of first-order perturbation equation. The solution of (16) 
(i2 \ 2 f ^2 -lj Ml + K<t> 1 + X(-haUi + fMi") = X(i«w0 -f»o").
Thus <t>i and are linearly related to w0 and are therefore stationary Gaussian random functions (see, for example, [10] ). It is shown in Appendix A that (wi(?/)) = 0 and that
with Ru(z) = {ui{y + z)ui{y)).
Suj, and St are defined by expressions similar to (33). Substitution for wx in (23) using (29) gives
where F(u>) is any smooth integrable function analytic in the strip |Im co| < a for some a with F(±l) 7^ 0. It is shown in Appendix B that
Use of this result gives
Noting that (w02) is independent of X and hence 0(1) as X -> X"~ and {u2) = 0[(XC -X)~3/2] by (40), we conclude that u^y) + w0iy) ~ u^y) as X -> \c~.
Second-order perturbation equations.
As noted in the above paragraph, we may drop the w0 terms in (17) and (18) 
v.
Now from the definition (23) of A12 and expressions (29) and (42) for Wi and w2 respectively, A12 = h(ui(y)Viiy))-
It is shown in Appendix C that (Uiiy)v"iy)) = 0; hence
The use of (42) in the definition (23) of A22 gives A22 = | E (vJiy)).
* Unless otherwise specified, all summations are taken over all odd positive integers.
A complete derivation of (vm2(y)) is lengthy and its presentation would obscure the main trend of this paper. In Appendix C a typical term in A22 is evaluated asymptotically to show that
Third-order perturbation equations.
As noted in the derivation of the second-orde equations, we may drop the w0 terms in (18) 
We have not exhibited the equations for hm and xm , m > 1, since our primary interest is in the asymptotic evaluation of A13 and the use of (51) and (29) which confirms the anticipated result. We substitute for An and A13 using (40) and (59) for 6 < 0. The shell is thus imperfection-sensitive (i.e. X < Xc) for b < 0. This was found to be the case for modal imperfections [5] and localized dimple imperfection [3] .
Concluding remarks.
We exhibit the asymptotic results found for various kinds of imperfections. In each case, the imperfection is in the form W(x, y) = tw0(y) sin x.
The classical buckling load Xc is Xc = 4(1 + f)2/(3f + 1 + a) and the relations between the buckling load X and the imperfection amplitude parameter e for sufficiently small t are as follows:
(i) Modal imperfection [5] : w0(y) = sin y: Tr2A/y/\2 by (11) and b by (60). Graphs of 6/(1 -v2) vs. Z are given in [5] .
We observe that the structure is imperfection-sensitive (b < 0) to modal, dimple, and random imperfections for the same range of values of Z. The loss in the buckling strength is of order e2/3 for modal imperfections, e for dimple imperfections and «4/5 for random imperfections. By introducing the power spectral density *S"0(oo) defined by (33) and using properties of Fourier transforms we obtain RJz) = X2 J (i« + f)2GXo>)S00(o) exp (iuz) do>.
Thus Su(ui) = X2(fa + tfG2(u)Sm(w). Substituting for G using (67) leads to s«(e>) = x2( §<* + ,02(1 + utYQ2( :«)M»).
We take the ensemble average of Eq. (68), interchanging averaging and integration, to get
Since iv0 is a zero-mean stationary Gaussian random function, (iv"(y)) = 0, (io""(y)) = 0; hence (ui(y)) -0. A similar calculation gives (4>,(y)) = 0 and expressions (32) for £v(co) and s0(co). Note that g and P are even functions. Since F(w)/Pm(co) is analytic for |Im (co)l < a for some a, the integral can be shifted in the complex co plane to give B" Recalling that Ui and <f>, are linear functions of a zero-mean Gaussian random function w0 , we note that
for any values of 2/1 , 2/2 , 2/3 (see, for example, [9] ). Appropriate differentiation of these equations leads to
Thus multiplying Eq. (74) by Ui(y) and taking ensemble average gives (wi(2/K(2/)) = 0.
We exhibit the calculation of a typical term in A22 given by (48). Consider the contribution, A say, to A22 obtained by the multiplication of the underlined term in (73) by itself:
since Ui is a Gaussian random function, and hence (u1"(y1)u1(y1)ul"(y2)u1(y2)) = {ui"{yl)ul{yl)){ul"{y2)ul{y2))
By introducing the power spectral density and using properties of Fourier transforms, the last double integral can be reduced to -(1 + r)2 T,Pm{ G^iy -yduMvJ'iyJ dy2 .
From Eqs. (74) and (73) for vm , we consider only the contribution to h^y) from the underlined term in (73). This contribution is (1 + f)4 JJ Gi2\y -yi)Gj2)"(y1 -y2)u1(yiyul"(y2)u1(y2) dyl dy2 .
Since by (54) A13 = ^{uy{y)hl(y)), the above expression contributes a term, A13 say, to Aia given by A13 = |(1 + f) 4 PJ JJ Gi2\y -y2)G"i2)"(y1 -y2)(u1(y)u1(yl)ul"(y2)ul(y2)) dyl dy2.
The use of a result similar to (76) leads to Ajy = |(1 + f)4 ZPJ JJ Gt(2)(y -y2)Gmw"{Vl -y2) ■ \Ru{y -yi)Ru"(0) + RJ'{y -y*)R»(yi -y2) + R,{y -y2)Ru"{yi -2/2) | dy1 dy2 .
The double integral can be expressed in terms of the power spectral density >S"(a>) defined by (33) and the Fourier transform Qmi2)(w) of Gm{2)(co). Thus A13 = 1(1 + f)4
• P™ JJ ("1 + u2)2(tiii2 + w22)Q1<2)(w1)Qi'2'(co1 + vJS.MS.M dw 1 dw2 .
This is the term in (55) which is underlined in the expression for /2 following Eq. (55).
